Permutations with nonnegative partial sums  by Knuth, Donald E.
0 DW’RETE MATHEMATICS 5 (197 3) 367-3 7 1. North-Holland Publishing Company 
PERMUTATIONS WITH NONNEGATIVE PAR TEAL SUMS* 
Donald E. KNUTM 
Compuler Science Department, Stanford University, Stanford, GdijI, USA 
Received 11 August 1872 
If+ x2, . ..) x,, are real numbers whose sum is zero. it is we111 known 
that we can find some permutaticln LI( l)p( 2) . . . p(n) su;=h that each of 
the partial sums 
is nonnegative, for 1 _< i _< rz. In fact, there are at leas1 (1~ - II)! such per- 
mutations; for if p( 1) p( 2) . . . p(n) is any permutation, it is not hard to 
see that some cyclic shift p( k + 1) . . . p(n) p( 1) . . . p(k) Mi’l have this pro- 
pert y. 
L>aniel Mleitman [ 21 has conjectured that the number of such permu- 
tatia>ns i always at most 2n!/(n + 2) if the x’s are nonzero The object 
of this note is to prove the following sharpened form of his conjecture: 
Theorem. Let x1, x2, . . . , X, be rt~gl numbers, W~CVV jcl +x2 +... +x, = 0; 
md assume that s elements are ,gr:?ater than zero, t elements are less than 
zero, and n-s-t elements are equwl to zero. Let fixI, x2, . . . . xn) denote 
the number of permut&tions p( 1) p(2) _. p(n) such thar! tlach of the par- 
tial :~ms ( 1) is nonnegative. Ther; 
(2) m,, 9, 0.“) Xn) S n!/(max(s, t) + 1). 
Furr’hermore, thi,c* bound is best possible, i’n t,Jae sen;ie that equality is 
achieved jkr some x’s whenever s, t, n are jked values with s + t _< n. 
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Roof. We may obviously assume that s and t are positive. Let e be the 
smaIlest positive value such that the sum over a subset of the xi is equal 
to E. For example, if n = 4 and (x1,, x2, x3, x4) = (n, 2-s, 1, -31, then 
the 24 - ‘;! sums over proper subsets of thle x’s are 
n, 2-If, 2, 1, l+n, 3--R, 3, -3, -3+-n, -l--n, -1, -2, -21-n, --R. 
The smallest positive value among these is E = -3 + n. By symmetry, the 
largest negative value will always be -e, since x 1 + x2 + . . . +x, = 0. 
Now let x0 = -e, and consider the y1+ 1 values -e, x1, x2, . . . , x, whose 
sum is -e. A permutation @$)q( 1) . . . q(ri) of the indices (0, 1, . . . . n) 
will be called special if each of the partial sums 
is nonnegative for 0 5 i < n. (When j = n., of course, this sum will be -E.) 
The plan cjf the proof is to show first t:hat here are exactly n! special 
permutations. Then we shall map each of‘ the P(x1, x2, . . . . x,) permuta- 
tions into t + 1 distinct speck1 permutations. This will prove that 
(3) (t + l)P(x,, x2, ..‘, xn) 5 n! , 
a.nd by symmetry the same will be true with s replacing b, hence (2) will 
follow. 
In order to count the special permutations, we shall use a cyclic- 
equivalence argument to show that exactly l/(rz + 1) of the permutations 
are special. Let @‘C)q( 1) . . . q(n) be a permutation of the indices 
10, 1 , . . . . I$, and consider the quantity 
This function takes on n + 1 distinct values for 0 < j :< 12, since f(j) = 
fCi’1 and ,/ < ,? imply that x’~(~+~)  . . . +xsCi’) = (j--j’)e/(n + I), contrary 
tc:, our chloice of e. The permutation @k + 1) . . . q(n) q( 0) . . . q(k) is special 
if and onl!y if 
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(5) *q(k+l) + l ” +xq(f, 2 0, for k<jSn; 
(6) 
If j > k, we have f(i) > f(k) if and only if xqCk ,. r) + ..: + xocl-, > 
(k- j)e/(n + 1) if and only if xqfk+rJ + .“. +x4(19 2 0. And if j < k, we 
have fo’) > f(k) if and only if 
X q(j+ 1) $- l ** +Xq(k) < (.i-- k)e/(n + 1) 
if and only if 
Xq(k i-1) -I- l -m + X@) + Xq(()) + a** +X&) > ik-j-n- 1)&z + 1) 
if and only if 
x q(k +l) + . . . +Xq@) f .X4((), +. . . + Xq(i) 2 0. 
In other words, q(k+ 1) . . . q(n)q(O) . . . q(k) is special if and only if 
f(k) = min fo’), 
05jLn 
and this uniquely chayscterizes the value of’ k. It fo’ilows that exactly U! 
of the (12 + l)! possible:? permutations &O)q( 1) . . . q(~) are special. 
Now let p( 1) l](2) ..I. p(n) be a permutation of { 1,2!, . . . . n) such that 
all of the partial sum& 1) are nonnegative, and let i be one of the t in- 
dices such that .xpCi) < 0. Then 
(7) p( I) . . . p(i- 1) 0 p(i + 1) .._ p(n) p(i) 
is a special permutation of {0, 1, . . . . n}, since .xtii> < x0 = -e. Further- 
more, 
(8) p(l)p(2)...p(n)Q 
is obviously a special permutation. In this way we can construct 
(t+ WYXr, x2, l a*, Xn) speciril permutations, w hick clearly are all distinct. 
Therefore (3) holds, and (2a must be true. 
370 D.E. Km&, Permutaticw with nonnegative pvtial sums 
To complete the proof of the theorem, we must show that (2) is best 
possible. This is equiva:lent to fmding examples in which the permuta- 
tions constructed in (7) and (8) exhaust all the special permutations. 
Such examples obviously arise whenever each negative xi equals -e. 
Therefore equality holds in (2) when 1 g s g 8 and 
x1 = t-s+ 1, x2 =...=xs= 1, 
x,+1 = ..* = X,+t = - , 1 - X,+t+l = . . . =x, = 0. 
(For these x’s, e = 1. The fact that P(x,, . . . . x,J = n!/(r+ 1) in this case 
is rwell-known, since it is equivalent o other combinatorial problems; 
see, for example; Erdelyi and Etherington [ 1 ] .) 
If none of the 2n -2 sums over proper subsets of the x’s is zero, it is 
easy to see by considering cyclic permutations that P(&, x2, . . . xn) = 
(n - l)!. Conversely, if P(x,, x2, . . . . xn) = (n - l)! those partial sums must 
all be nonzero. 
In the general case, the possible values of P(xl , x2, . . . , x,) seem to be 
spread out rather evenly between (n - l)! and n!/(max(s, t) + 1). For ex- 
ample, let al, ti2,, b,, b2+ b3 be positive numbers with a1 +a2 = b, + b2 + b,; 
the theorem tells us that 24 < P(al, a2, -lo, -b,, --b3) ,< 30. In fact, it 
is not difficult to verify in this ca.se *hat P(al, a2, -b,, -b2, -b3) equals 
24 plus twice :he number of pairs (i, j) such that ai = bi. Thus, 
P(5, 1, -2, -2, -2) = 24, P(4, 1, -1, -2, -2) = 26, 
P(3, 1, -1, -1, -2) = 28, P(2,1, -1, -1, -1) = 30. 
Kleitman has used the above theorem to determine the asymptotic 
number of different score sequences possible in an n-person round-robin 
tournament, o within a factor of 2. 
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